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1 Penalty and barrier methods

[ 1: using BenchmarkTools
using ForwardDiff

[ 1: include("btr.jl")

1.1 Penalty methods
1.2 First example

min f(z) = 27 + 21 sin(x2) + 423
x

[ 1: £(x) = x[1] 2+x[1]*sin(x[2])+4x[2] "2

[ ]: using Plots
#plotly()
gr()

default (size=(600,600), fc=:heat)
X, y=-1.0:0.05:1.0, -1.0:0.05:1.0
z = Surface((x,y)—>f([x,y]), x, y)
surface(x,y,z, linealpha = 1)

[ 1: Plots.contour(x,y,z, linealpha = 0.5, levels=1200)

[1: g
H

x —> ForwardDiff.gradient(f, x);
x -> ForwardDiff.hessian(f, x)

function g! (storage::Vector, x::Vector)
storage[1:length(x)] = g(x)
end

function H! (storage::Matrix, x::Vector)
n = length(x)
storage[l:n,1:n] = H(x)

end
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state = btr(f, g!, H!, TruncatedCG, [1.0,1.0])

state.x

It is easy to see that (0,0) is indeed a first-order critical point.

g(state.x)

Introduce now the constraint
-1+ @y-1)7=1

c(x) = (x[1]1-1.0)"2+(x[2]-1.0)"2-1.0
gc = x —> ForwardDiff.gradient(c, x);
Hc = x -> ForwardDiff .hessian(c, x)

function gc!(storage::Vector, x::Vector)
storage[1:length(x)] = gc(x)
end

function Hc!(storage::Matrix, x::Vector)
n = length(x)
storage[l:n,1:n] = Hc(x)

end

=1.0
d(x) = £(x)+1/(2% )*x(c(x)*c(x))

g® = x —> ForwardDiff.gradient(®, x);
H® = x -> ForwardDiff.hessian(®, x)

function g&!(storage::Vector, x::Vector)
storage[1l:length(x)] = g&(x)

end

function H®!(storage::Matrix, x::Vector)
n = length(x)

storage[l:n,1:n] = H®(x)
end

state = btr(®, g&!, H®!, TruncatedCG, [0.0,0.0])
state.x
f(state.x)

c(state.x)
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& (state.x)

= 0.1
state = btr(®, gé!, H®!, TruncatedCG, [0.0,0.0])

state.x
f(state.x)
c(state.x)

= 0.01
state = btr(%, gé!, H®!, TruncatedCG, [0.0,0.0])

c(state.x)

= 0.00001
state = btr(®, g&!, H®!, TruncatedCG, [0.0,0.0])

c(state.x)

= 0.00001
state = btr(®, gé!, H®!, TruncatedCG, [0.0,1.0])

f(state.x)

state.x

1

=0.1
x0 = [0.0,1.0]
state = btr(%, gé!, H®!, TruncatedCG, xO0)
println(state.x)
while ( > 1le-6)

x0 = state.x

state = btr(®, g&!, H®!, TruncatedCG, x0)

println(state.x)

*=

end

state.x

1.3 Second example

min ——5x%%—x%
x

s.t. 1 = 1



1
O(xz, p) = =5 + 25 + o1 1)?

—10a1 + (21 — 1))

V. B(a, ) = ( .

Vao®(z,pu) =0
iff
{—10:;:1 +i@-1)=0
zo =0
(—10p+ 1)z =1

This is equivalent to
1

T 1-10u

T

if 10 # 1. If 10p = 1, then
—10z1 +10(z; — 1) = =10 #0

—-10+1 0
2 = 1

If 4 < 0.1, then —10 + 1/ > 0. Then V2®(x, ) is positive definite. Thus the zero of the gradient
is a minimizer.

If 1 > 0.1, then —10 + 1/p < 0. Then V2®(xz, ) is indefinite. Thus the zero of the gradient is a
saddle point.

If 4 = 0.1, then there is no zero of the gradient.

[1:] =1.0
H=[-10+1/ 0 ; 0 2 1]
eigen(H)

[1:] =1.0e-10
H=[-10+1/ 0 ; 0 2 1]
eigen(H)

[ 1: cond(H)

2 Barrier methods

min —z+1
x

st.x <1
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Lz,\)= -2+ 1+ Xz —-1)

KKT
—14+X=0
r—1<0
AMz—1)=0
A>0
We obtain (z*,\*) = (1, 1).
fb(x) = -x[1]+1
gi(x) = x[1]1-1
B(x) = fb(x[1]) - #log(i-x[1])
0= VB() = V(@) - p—2 _ vf() - p
—9(x)

D W S o
o -1 1-p-1

x —> ForwardDiff.gradient(B, x);
x -> ForwardDiff.hessian(B, x)

gB
HB

function gB!(storage::Vector, x::Vector)
storage[1:length(x)] = gB(x)
end

function HB! (storage::Matrix, x::Vector)
n = length(x)
storage[1:n,1:n] = HB(x)

end

= 1.0
gB([0.01)

state = btr(B, gB!, HB!, TruncatedCG, [0.0])
state.x

= 0.1
btr(B, gB!, HB!, TruncatedCG, [0.0])

=1




We have to restrict the step! A simple way is to reduce the trust-region radius if a domain problem
is found. We can do it using the exception process in Julia.

[1: £(x) = try

log(x)
catch
+Inf
end
[ 1: £C10)
[ 1: £(-10)

[ 1: function Bexception(x)

try
val = fb(x[1]) - =*log(i-x[1])
return val

catch
return +Inf

end

end

[ 1: state = btr(Bexception, gB!, HB!, TruncatedCG, [0.0])
[ 1: state.x

[]: =0.1
x = [0.0]
while ( > 1e-10)
state = btr(Bexception, gB!, HB!, TruncatedCG, x)
X = state.x

= - /gi(x)
println("x = ", x, ", =", )
= 0.1x%
end
[1:x

[1:
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